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Abstract
A canonical formulation of the N = 1 supergravity theory containing the topological Nieh-Yan
term in its Lagrangian density is developed. The constraints are analysed without choosing any
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PACS numbers: 04.20.Fy, 04.60.-m, 04.60.Ds, 04.60.Pp
∗Electronic address: sandi@imsc.res.in
†Electronic address: kaul@imsc.res.in
1
I. INTRODUCTION
Ashtekar’s canonical formulation of gravity in terms of complex Yang-Mills connection
variables has provided a gauge theoretic interpretation of gravity[1]. Subsequently, Barbero
and Immirzi have reframed this description in terms of real SU(2) variables[2]. These
variables have been shown to originate from the Holst Lagrangian density[3], which is written
in the first order form with tetrads (e) and spin connections (ω) as independent variables :
L = 1
2
eΣµνIJR
IJ
µν (ω) +
η
2
eΣµνIJ R˜
IJ
µν (ω) (1)
where,
ΣµνIJ :=
1
2
(eµI e
ν
J−eµJeνI ) , R IJµν (ω) := ∂[µω IJν] +ω IK[µ ω Jν]K , R˜ IJµν (ω) :=
1
2
ǫIJKLRµνKL(ω).
Here η, the inverse of the Barbero-Immirzi parameter, is the coefficient of the Holst term.
This additional term preserves the classical equations of motion given by the Hilbert-Palatini
action. Thus η appears as a free parameter in this framework. Hamiltonian analysis of this
theory based on the Lagrangian density (1) has been presented in ref.[3, 4].
When matter is coupled to pure gravity, one needs additional terms apart from the Holst
term so that the equations of motion continue to be independent of η. Actions containing
such modifications have been found for a few cases, e.g., spin-1
2
fermions and N = 1, 2, 4
supergravity theories [5, 6]. A superspace formalism for N = 1 supergravity has been
presented in [7], which reproduces the result of [6] for this theory. It has also been noted
in ref.[6] that although these modifications of the Holst term for different matter couplings
follow a generic pattern in the sense that they can be written as a total divergence after
using the connection equation of motion (see [5] also), they are not universal. To emphasise,
the modified Holst terms needed to preserve the equations of motion change with the matter
content of the theory.
A universal prescription for finding a generalised action leading to a real SU(2) formu-
lation of gravity with or without matter was proposed in [8]. This involves a Lagrangian
density containing a topological term in the form of the Nieh-Yan invariant [9] instead of
the original Holst term:
L = 1
2
eΣµνIJR
IJ
µν (ω) +
η
2
INY (2)
2
where
INY = ǫ
µναβ
[
Dµ(ω)e
I
ν Dα(ω)eIβ −
1
2
ΣIJµν RαβIJ(ω)
]
, Dµ(ω)e
I
ν := ∂µe
I
ν + ω
I
µ Je
J
ν . (3)
INY is a total divergence, given by:
INY = ∂µ(ǫ
µναβeIνDαeβI)
Thus it does not affect the classical equations of motion, even when matter is coupled to
the Lagrangian (2).
The action in (2) brings with it the crucial feature that η can be provided a topological
interpretation in any theory of gravity with or without matter. This is in contrast to the
Holst action where η is not a coefficient of a topological term.
The Nieh-Yan term, being a topological density, can be written uniquely in terms of the
geometric variables (e, ω). Thus one does not need to look for a new ‘modified Holst term’
whenever the matter content changes, unlike the earlier approaches which were matter-
specific. As an elucidation of this fact, this method has been applied to spin-1
2
fermions in
ref.[8].
Here in this brief report we analyse the case of N = 1 supergravity. The canonical
treatment of this theory has been considered earlier in several contexts [10, 11]. In ref.[11],
the Hamiltonian analysis of the corresponding Holst action has been carried out in time
gauge. Here we consider a Lagrangian density describing the same theory, but containing
the Nieh-Yan invariant instead of the Holst term in addition to the usual Hilbert-Palatini
and spin-3
2
fermionic terms. In the next section, we exhibit the canonical formulation of this
action, closely following the analysis as given in [4, 8]. Then we demonstrate that the set of
constraints in the time gauge leads to a real SU(2) description of this theory in terms of the
Barbero-Immirzi connection. We also add a few comments on how to recover the correct
transformation properties of the fields under the action of the symmetry generators.
II. N=1 SUPERGRAVITY
The Lagrangian density for gravity coupled to spin-3
2
Majorana fermions is given by [12]:
L = 1
2
eΣµνIJR
IJ
µν (ω) +
i
2
ǫµναβψ¯µγ5γνDα(ω)ψβ (4)
3
where1,
Dµ(ω)ψa := ∂µψa +
1
2
ωµIJσ
IJψa , Dµ(ω)ψ¯a := ∂µψ¯a −
1
2
ψ¯a ωµIJσ
IJ
To this we add the Nieh-Yan density, to write:
L = 1
2
eΣµνIJR
IJ
µν (ω) +
i
2
ǫµναβψ¯µγ5γνDα(ω)ψβ +
η
2
INY
This can be recast as:
L = 1
2
eΣµνIJR
(η)IJ
µν (ω) +
i
2
ǫµναβψ¯µγ5γνDα(ω)ψβ +
η
2
ǫµναβDµ(ω)e
I
νDα(ω)eIβ (5)
where R
(η)IJ
µν (ω) := R IJµν (ω) + ηR˜
IJ
µν (ω)
The Nieh-Yan density serves as the term through which η manifests itself as a topological
parameter in the supergravity action, and does not show up in the classical equations of
motion. This new Lagrangian density also preserves the supersymmetry properties (on-
shell) as characterised by (4) since INY is a total derivative.
Next we develop the analysis in the same manner as done for gravity with spin-1
2
fermions
in [8]. The 3+1 decomposition of (5) can be achieved through the following parametrisation
for the tetrads and their inverses:
eIt =
√
eNM I +NaV Ia , e
I
a = V
I
a ;
MIV
I
a = 0 , MIM
I = − 1
etI = −
MI√
eN
, eaI = V
a
I +
NaMI√
eN
;
M IV aI = 0 , V
I
a V
b
I = δ
b
a , V
I
a V
a
J = δ
I
J +M
IMJ
Also, we define qab := V
I
a VbI and q := detqab which leads to e := det(e
I
µ) = Nq.
Ignoring the total spatial derivatives, the Lagrangian density can be written as:
L = eΣtaIJ∂tω(η)IJa + taI∂teIa − π¯a∂tψa − NH − NaHa −
1
2
ωIJt GIJ − 2S¯ψt
where H, Ha, GIJ and S¯ are given below in equation (8) and
2eΣtaIJ = −
√
qM[IV
a
J ]
taI = ηǫ
abcDb(ω)VIc
π¯a = − i
2
ǫabcψ¯bγ5γc (6)
1 The Dirac matrices here obey the Clifford algebra: γIγJ + γJγI = 2ηIJ , ηIJ := diag(−1, 1, 1, 1). The
chiral matrix γ5 := iγ
0γ1γ2γ3 and σIJ := 1
4
[γI , γJ ].
4
Here π¯a is the canonically conjugate momenta associated with ψa
2. The last equation
in (6) can be inverted as:
ψ¯a =
√
q π¯bγaγb (7)
The action does not contain the velocities associated with the gravity fields N,Na, ωtIJ
and the matter field ψt. Hence these are Lagrange multipliers, leading to the primary
constraints H, Ha, GIJ and S¯, respectively:
GIJ = −2Da(ω)
(
eΣ
(η)ta
IJ
)
− ta[IVJ ]a + π¯aσIJψa ≈ 0
Ha = eΣ
tb
IJR
(η)IJ
ab (ω)− V Ia Db(ω)tbI +
i
2
√
q ǫbcdπ¯eγbγeγ5γa Dc(ω)ψd ≈ 0
H = 2e2ΣtaIKΣ
tb
JLη
KLR
(η)IJ
ab (ω)−
√
qM IDa(ω)t
a
I +
iq
2
ǫabcπ¯dγaγdγ5MIγ
IDb(ω)ψc ≈ 0
S¯ = Da(ω)π¯
a − i
√
q
4η
π¯aγbγaγ5γ
ItbI ≈ 0 (8)
where γa is defined as :
γa = γIV
I
a = (γi − γ0χi)Vai (9)
While H, Ha, GIJ are the constraints for the pure gravity sector, S¯ is the generator of
the local supersymmetric transformations.
Following the general framework of ref.[4, 8], we introduce the following set of convenient
fields,
Eai := 2eΣ
ta
0i , χi := −Mi/M0 , Aia := ω(η)0ia − χjω(η)ija , ζ i := −Eaj ω(η)ija (10)
alongwith the decomposition of the nine components of ω
(η)ij
a in terms of three ζi’s and six
Mkl’s (Mkl = Mlk) :
ω(η)ija =
1
2
(E[ia ζ
j] + ǫijkEalM
kl) (11)
In terms of the fields in (10), we have 2eΣtaij = −Ea[iχj] and eΣtaIJ∂tω(η)IJa = Eai ∂tAia + ζ i∂tχi.
Note that the eighteen coordinate variables ωIJa have been reexpressed in terms of the twelve
variables Aai and χi. The remaining six variables are the Mkl’s, whose velocities do not
appear in the Lagrangian density. Hence these are the additional Lagrange multiplier fields.
2 The functional derivative involving the Grassmann variables (fermions) acts on the left factor resulting in
a sign in the definition of the conjugate momenta in (6).
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Thus the Lagrangian density takes a simple form as follows:
L := Eai ∂tAia + ζ i∂tχi + taI∂tV Ia − π¯a∂tψa − NH − NaHa −
1
2
ωIJt GIJ − 2S¯ψt
The fields V Ia and t
a
I are not really independent, these are given in terms of the basic
fields as: V Ia = υ
I
a and t
a
I = τ
a
I where
υ0a := −
1√
E
Eiaχi , υ
i
a :=
1√
E
Eia
τa0 := ηǫ
abcDb(ω)υ0c
= η
√
EEam
[
Gmrot −
χl
2
(
2fml +Nml
1 + η2
+ ǫmlnG
n
boost
)
− iπ¯bγ5(σ0m + χl
2
σml)ψb
]
τak := ηǫ
abcDb(ω)υck
= −η
2
√
EEam
[
2fmk +Nmk
1 + η2
+ ǫkmnG
n
boost + iπ¯
bγ5σkmψb
]
(12)
In the above, fkl and Nkl are defined as:
2fkl := ǫijkE
a
i
[
(1 + η2)Elb∂aE
b
j + χjA
l
a
]
+ η
(
Eal A
k
a − δklEamAma − χlζk
)
+ (l ↔ k) (13)
Nkl := (χ
2 − 1)(Mkl −Mmmδkl) + χmχnMmnδkl + χlχkMmm − χm(χkMml + χlMmk)
(14)
We shall treat V Ia and t
a
I as independent variables and introduce associated Lagrange mul-
tipliers ξaI and φ
I
a to express the equations in (12) as constraints.
Thus we write the full Lagrangian density as,
L = Eai ∂tAia + ζ i∂tχi + taI∂tV Ia − π¯a∂tψa −NH −NaHa −
1
2
ωIJt GIJ
− ξaI (V Ia − υIa)− φIa(taI − τaI ) − 2S¯ψt (15)
The constraints in (8) can now be rewritten in terms of the canonical fields. These can
be worked out in an analogous manner as in ref.[8]. Thus the corresponding expressions for
Gboosti := G0i, G
rot
i :=
1
2
ǫijkGjk, Ha, H and S¯ are:
Giboost = −∂a(Eai − ηǫijkEaj χk) + Ea[iχk]Aka + (ζ i − χ · ζ χi)− t′a[0Vi]a
+ π¯aσ0iψa +
η
4M0E
ǫijkEalE
b
kπ¯
a(γj − γ0χj)(γl − γ0χl)(γ0 − γmχm)ψb;
Girot = ∂a(ǫ
ijkEaj χk + ηE
a
i ) + ǫ
ijk(AjaE
a
k − ζjχk − t′aj V ka )
+ iπ¯aγ5σ0iψa −
η
4M0E
Ealπ¯
a(γ[i − γ0χ[i)Ebj](γl − γ0χl)γjψb;
Ha = E
b
i ∂[aA
i
b] + ζi∂aχi − ∂b(tbIV Ia ) + tbI∂aV Ib
6
− 1
1 + η2
[
Eb[iχl]A
l
b + ζi − χ · ζχi − tb[0Vi]b − ηǫijk (AjaEbk + χjζk − tbjV kb )
]
Aia
− 1
1 + η2
[
1
2
ǫijk
(
ηGkboost +G
k
rot
)− χi(Gjboost − ηGjrot)
]
ω(η)ija
− 1
4(1 + η2)
1
M0
√
E
ǫbcdπ¯eγbγe(η − iγ5)γ[aω(η)ijc] (σij + 2σ0iχj)ψd
− 1
2(1 + η2)
1
M0
√
E
ǫbcdπ¯eγbγeγa(η + iγ5)σ0iA
i
cψd
H = −EakχkHa + (1− χ · χ)
[
Eai ∂aζi +
1
2
ζiE
a
i E
b
j∂aE
j
b
]
+
1− χ · χ
2(1 + η2)
ζi
[−Giboost + ηGirot]− (EakχkV Ia +√qM I) ∂btbI
−1− χ · χ
1 + η2
[
1
2
Ea[iE
b
j]A
i
aA
j
b + E
a
i A
i
aχ · ζ + ηǫijkζiAjaEak
+
3
4
(χ · ζ)2 − 3
4
(ζ · ζ) + 1
2
ζit
a
[0Vi]a −
η
2
ζiǫ
ijktajV
k
a
]
+
1− χ · χ
1 + η2
[
1√
E
Aiat
a
i +
1
2
V ia
(
ζ · χtai − χiζjtaj + ηǫijkζjtak
)]
+
1− χ · χ
2(1 + η2)
[
(ηt′ak − ǫijkχit′aj )
Eal√
E
+ 2fkl +
1
2
Nkl(M) + 2(1 + η
2)Jkl
]
Mkl
− 1− χ.χ
2(1 + η2)
1
M0E
ǫabcπ¯dγaγdγ0(η + iγ5)
(
σ0iA
i
bψc +
1
4
(σij + 2σ0iχj)Eb[iζj]ψc
)
+
1− χ · χ
2(1 + η2)
ζi π¯
a(1− iηγ5)σ0iψa
S¯ = ∂aπ¯
a − 1
1 + η2
π¯a(1− iηγ5)
[
σ0lA
l
a +
1
2
(σij + 2σ0iχj)ω
(η)
aij
]
− i
4ηM0
√
E
π¯aγbγaγ5γ
ItbI
(16)
where we have used the definitions:
t′aI := t
a
I −
η
4
ǫabcψ¯bγIψc
= taI −
η
4M0
√
E
ǫijkEakE
c
jE
l
b π¯
b(γi − γ0χi)(γl − γ0χl)γIψc (17)
2Jkl :=
1
4
ǫabcψ¯bγkψcEal + (k ↔ l)
=
1
4M0
√
E
ǫimlEajE
b
mπ¯
a(γi − γ0χi)(γj − γ0χj)γkψb + (k ↔ l) (18)
The Hamiltonian density now reads:
H = NH + NaHa + 1
2
ωIJt GIJ + ξ
a
I (V
I
a − υIa) + φIa(taI − τaI ) + 2S¯ψt
7
The constraints associated with the fields Na, N, ω0it , ω
ij
t , ξ
a
I , φ
I
a and ψt respectively are:
Ha ≈ 0 , H ≈ 0 , Giboost ≈ 0 , Girot ≈ 0
V Ia − υIa ≈ 0 , taI − τaI ≈ 0 , S¯ ≈ 0.
As mentioned earlier, the momenta conjugate to Mkl are zero. The preservation of this
constraint requires:
δH
δMkl
≈ 0 ,
which implies:
(ηt′ak − ǫijkχit′aj )V la + fkl +
1
2
Nkl + (1 + η
2)Jkl + (k ↔ l) ≈ 0 (19)
where, fkl and Nkl are given in (13, 14). This constraint can be solved for Mkl. Next, using
taI ≈ τaI , we write
t′ak ≈ −
η
2
√
E Eal
[
2fkl +Nkl
1 + η2
+ 2Jkl + ǫklnG
′n
boost
]
t′a0 ≈ η
√
E Eal
[
G′ lrot −
χk
2
(
2fkl +Nkl
1 + η2
+ 2Jkl + ǫkln G
′n
boost
)]
(20)
Using (20) in (19), we obtain
2fkl +Nkl + 2(1 + η
2)Jkl ≈ 0 (21)
Thus the Jkl piece captures all the contribution coming from the spin-
3
2
fermions. Note that
this equation has the same form as the one for spin-1
2
fermions [8]. This constraint, from
(20), further implies:
t′aI ≈ 0 (22)
This is exactly same as the connection equation of motion which is obtained in the La-
grangian formulation by varying the standard supergravity action without the Nieh-Yan
term (see [6], for example).
Using (22), the final set of constraints read:
Giboost = −∂a(Eai − ηǫijkEaj χk) + Ea[iχk]Aka + (ζ i − χ · ζ χi)
+ π¯aσ0iψa +
η
4M0E
ǫijkEalE
b
kπ¯
a(γj − γ0χj)(γl − γ0χl)(γ0 − γmχm)ψb
Girot = ∂a(ǫ
ijkEaj χk + ηE
a
i ) + ǫ
ijk(AjaE
a
k − ζjχk) + iπ¯aγ5σ0iψa
8
− η
4M0E
Ealπ¯
a(γ[i − γ0χ[i)Ebj](γl − γ0χl)γjψb
Ha = E
b
i ∂[aA
i
b] + ζi∂aχi − ∂b
(
(τ ′bi − χiτ ′b0 )
Eia√
E
)
− τ ′b0 ∂a
(
χi
Eib√
E
)
+ τ ′bi ∂a
(
Eib√
E
)
− 1
1 + η2
[
Eb[iχl]A
l
b + ζi − χ · ζχi −
1√
E
τ ′b[0Ei]b − ηǫijk (AjaEbk + χjζk −
1√
E
τ ′bj E
k
b )
]
Aia
− 1
8(1 + η2)
1
M0
√
E
ǫbcdπ¯eγbγe(η − iγ5)γ[a(E[ic]ζj] + ǫijmEnc]Mmn)(σij + 2σ0iχj)ψd
− 1
2(1 + η2)M0
√
E
ǫbcdπ¯eγbγe(η − iγ5)γaσ0kAkcψd
H = (1− χ · χ)
[
Eai ∂aζi +
1
2
ζiE
a
i E
b
j∂aE
j
b
]
− 1− χ · χ√
E
∂bτ
′b
0
−1− χ · χ
1 + η2
[
1
2
Ea[iE
b
j]A
i
aA
j
b + E
a
i A
i
aχ · ζ + ηǫijkζiAjaEak
+
3
4
(χ · ζ)2 − 3
4
(ζ · ζ) + 1
2
√
E
ζi(τ
′a
0 − χkτ ′ak )Eia −
η
2
√
E
ζiǫ
ijkτ ′aj E
k
a
]
+
1− χ · χ
1 + η2
[
1√
E
Aiaτ
′a
i +
1
2
√
E
Eia
(
ζ · χτ ′ai − χiζjτ ′aj + ηǫijkζjτ ′ak
)]
− 1− χ.χ
2(1 + η2)
1
M0E
ǫabcπ¯dγaγdγ0(η + iγ5)
(
σ0iA
i
bψc +
1
4
(σij + 2σ0iχj)Eb[iζj]ψc
)
+
1− χ · χ
2(1 + η2)
ζi π¯
a(1− iηγ5)σ0iψa +
1− χ2
4(1 + η2)
[fkl + (1 + η
2)Jkl]M
kl
S¯ = ∂aπ¯
a − 1
1 + η2
π¯a(1− iηγ5)
[
σ0lA
l
a +
1
4
(σij + 2σ0iχj)(Ea[iζj] + ǫijlEamM
lm)
]
where τ ′aI is defined as
τ ′aI :=
η
4
ǫabcψ¯bγIψc
=
η
4M0
√
E
ǫijkEakE
c
jE
l
b π¯
b(γi − γ0χi)(γl − γ0χl)γIψc (23)
and fkl , Jkl and Mkl are given by the (13), (14), (18) and (21). In writing S¯, we have made
use of the Fierz identity-
ǫµναβψ¯µγIψνγ
Iψα = 0 ,
which makes the piece proportional to taI dissapear.
Time gauge:
One may adopt the time gauge through the choice χi = 0 . Since this condition forms
a second-class pair with the boost constraint, both have to be implemented together. Gboosti
9
can be solved as:
ζi = ∂aE
a
i − π¯aσ0iψa −
η
4M0E
ǫijkEalE
b
kπ¯
aγjγlγ0ψb (24)
We can rewrite this as:
ζi = ∂aE
a
i +
1√
E
τ ′
a
0Eai +
1
η
√
E
ǫijkτ ′
a
jEak (25)
with
τ ′aI =
η
4
√
E
ǫijkEakE
c
jEblπ¯
bγiγlγIψc
The constraints in this gauge read:
Girot = η ∂aE
a
i + ǫ
ijkAjaE
a
k −
1
η
√
E
τ ′
a
0Eai −
1√
E
ǫijkτ ′
a
jEak
Ha = E
b
iF
i
ab −
1
η2
√
E
τ ′b0 EbiAai −
Eai√
E
[
∂bτ
′b
i +
1
η
ǫijkAjbτ
′b
k
]
+
1
2(1 + η2)
[
Aka − EiaEbkAib
]
ζk
H = −η
2
Eai E
b
jǫ
ijk
[
F kab + (η +
1
η
) Rkab
]
− 1√
E
[
∂aτ
′a
0 −
1
2η
(ǫijkEjaζkτ
′a
i + E
j
aτ
′a
i M
ij)
]
S¯ = ∂aπ¯
a − 1
1 + η2
π¯a(1− iηγ5)σ0k
[
Aka +
1
2
iγ5(ǫjklζj +M
kl)Eal
]
(26)
In these equations, we have used the following definitions:
Γai =
1
2
ǫijkωajk
F kab = ∂[aA
k
b] +
1
η
ǫijkAaiAbj , R
k
ab = ∂[aΓ
k
b] −
1
η
ǫijkΓaiΓbj
and ζ i is given by (25). Also, in the time gauge :
Mkl = (1 + η
2)
(
ǫijkElb∂aE
b
j − ǫijmEmb ∂aEbjδkl
)
Eai + (1 + η
2) (2Jkl − Jmmδkl)
+ ηEal Aak + (k ↔ l)
2Jkl =
1
4M0
√
E
ǫimlEajE
b
mπ¯
aγiγjγkψb + (k ↔ l)
Here in (26) we have dropped terms proportional to rotation constraints from Ha and H .
As is evident, the dynamical variable which enters in the constraints apart from the
fermionic degrees of freedom is the Barbero-Immirzi connection Aia. Thus in the time gauge
we obtain a real SU(2) formulation of the theory of gravity coupled to spin-3
2
fermions.
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Notice that in the matter sector, π¯a and ψa are not independent variables. These obey
the second-class constraints:
Ca := π¯a +
i
2
ǫabcψ¯bγ5γc ≈ 0
In order to implement these constraints, we need to go to corresponding Dirac brackets for
the matter fields π¯a, ψa. This then leads to the correct transformations (modulo rotations)
on the fields through their Dirac brackets with the corresponding generators. In particular,
the Dirac brackets of the fields with the supersymmetry generator S¯ make them transform
properly under its action.
III. CONCLUSIONS
We have presented a framework to incorporate the Barbero-Immirzi parameter as a topo-
logical coupling constant in the classical theory of N = 1 supergravity. This is achieved
through the inclusion of the Nieh-Yan density in the Lagrangian. This additional term,
being a topological density, preserves the equations of motion and the supersymmetry of
the original action. To emphasise, this goes beyond the earlier analysis involving the Holst
action which does not allow a topological interpretation for η.
The canonical formulation has been first developed without going to any particular choice
of gauge. This clarifies the structure of the theory exhibiting all of its gauge freedom. In
the time gauge, the theory is shown to admit a real SU(2) formulation in terms of the
Barbero-Immirzi connection Aia.
The essential features for spin-3
2
fermions turn out to be very similar to those for spin-1
2
fermions as described in [8], except that here we have the additional constraint S¯ which acts
as the generator of local supersymmetry transformations. The cases for N = 2, 4 and higher
supergravity theories can be treated in exactly similar fashion. There the constraint analysis
leads to the same form of the connection equation of motion as given here (i.e., equation
(21)), a fact which is evident from the structure of the fermionic terms in these theories.
Only the expression for Jkl in terms of the matter fields gets modified.
The analysis here has been purely classical. However, in the quantum theory, the presence
of the topological Nieh-Yan term, which is also CP violating, may reflect a possible non-
perturbative vacuum structure.
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